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Abstract We describe some recent results on the dynamics of singular-hyperbolic 
(Lorenz-like) attractors A introduced in ||25]| : (1) there exists an invariant foliation 
whose leaves are forward contracted by the flow; (2) there exists a positive Lyapunov 
exponent at every orbit; (3) attractors in this class are expansive and so sensitive 
with respect to initial data; (4) they have zero volume if the flow is C^, or else the 
flow is globally hyperbolic; (5) there is a unique physical measure whose support 
is the whole attractor and which is the equilibrium state with respect to the center- 
unstable Jacobian; (6) the hitting time associated to a geometric Lorenz attractor 
satisfies a logarithm law; (7) the rate of large deviations for the physical measure on 
the ergodic basin of a geometric Lorenz attractor is exponential. 
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1.1 Introduction 

In this note M is a compact boundaryless 3-manifold and (M) denotes the set of 
vector fields on M endowed with the C' topology. Moreover Leb denotes volume 

or Lebesgue measure: a normalized volume form given by some Riemannian metric 

on M. We also denote by dist the Riemannian distance on M. 

The notion of singular hyperbolicity was introduced in 1231 IZSll where it was 

proved that any robustly transitive set for a 3-flow is either a singular hyperbolic 

attractor or repeller 

A compact invariant set A of a 3-flow X G (M) is an attractor if there exists 
a neighborhood U of A (its isolating neighborhood) such that 

and there exists x eA such that X{x) 7^ and whose positive orbit {X'{x) : t > 0} 
is dense in A. 

We say that a compact invariant subset is singular hyperbolic if all the singulari- 
ties in A are hyperbohc, and the tangent bundle TA decomposes in two complemen- 
tary DX'-invariant bundles (BE"', where: E'' is one-dimensional and uniformly 
contracted by DX'; E"' is bidimensional, contains the flow direction, DX' expands 
area along E"' and DX' \ E"' dominates DX' \ E'' (i.e. any eventual contraction in 
E^ is stronger than any possible contraction in £"'), for all f > 0. 

We note that the presence of an equilibrium together with regular orbits ac- 
cumulating on it prevents any invariant set from being uniformly hyperbolic, see 
e.g. lfT2l . Indeed, in our 3-dimensional setting a compact invariant subset A is uni- 
formly hyperbolic if the tangent bundle TA decomposes in three complementary 
-invariant bundles E" ®E^ (BE", each one-dimensional, E^ is the flow direc- 
tion, E" is uniformly contracted and E" uniformly expanded by DX', t > 0. This 
implies the continuity of the splitting and the presence of a non-isolated equilibrium 
point in A leads to a discontinuity in the splitting dimensions. 

In the study of the asymptotic behavior of orbits of a flow X G (M), a fun- 
damental problem is to understand how the behavior of the tangent map DX de- 
termines the dynamics of the flow X,. The main achievement along this line is the 
uniform hyperbolic theory: we have a complete description of the dynamics assum- 
ing that the tangent map has a uniformly hyperbolic structure since I12J . 

In the same vein, under the assumption of singular hyperbolicity, one can show 
that at each point there exists a strong stable manifold and that the whole set is foli- 
ated by leaves that are contracted by forward iteration. In particular this shows that 
any robust transitive attractor with singularities displays similar properties to those 
of the geometrical Lorenz model. It is also possible to show the existence of local 
central manifolds tangent to the central unstable direction. Although these central 
manifolds do not behave as unstable ones, in the sense that points on them are not 
necessarily asymptotic in the past, the expansion of volume along the central unsta- 
ble two-dimensional direction enables us to deduce some remarkable properties. 
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We shall list some of these properties that give us a nice description of the dy- 
namics of a singular hyperbolic attractor. 



1.2 The geometric Lorenz attractor 

Here we briefly recall the construction of the geometric Lorenz attractor |[Tl[l5], that 
is the more representative example of a singular-hyperbolic attractor 

In 1963 the meteorologist Edward Lorenz published in the Journal of Atmo- 
spheric Sciences ll26l an example of a parametrized polynomial system of differen- 
tial equations 

X = a{y —x) a = 10 

y ~ rx —xz r = 28 ( 1 ■ 1 ) 

z = xy~bz ^ = 8/3 

as a very simplified model for thermal fluid convection, motivated by an attempt to 
understand the foundations of weather forecast. 

The origin cj = (0,0,0) is an equilibrium of saddle type for the vector field de- 
fined by equations il.li with real eigenvalues A,, / < 3 satisfying 

A2 < A3 <0< -A3 < Ai. (1.2) 

(in this case Ai « 11 .83 , A2 « -22.83, A3 = -8 /3). 

Numerical simulations performed by Lorenz for an open neighborhood of the 
chosen parameters suggested that almost all points in phase space tend to a chaotic 
attractor, whose well known picture is presented in Figure [TTI The chaotic feature 
is the fact that trajectories converging to the attractor are sensitive with respect to 
initial data: trajectories of any two nearby points are driven apart under time evolu- 
tion. 

Lorenz's equations proved to be very resistant to rigorous mathematical analysis, 
and also presented serious difficulties to rigorous numerical study. Indeed, these two 
main difficulties are: 

conceptual: the presence of an equilibrium point at the origin accumulated by 
regular orbits of the flow prevents this atractor from being hyperbolic fl], 

numerical: the presence of an equilibrium point at the origin, implying that so- 
lutions slow down as they pass near the origin, which means unbounded return 
times and, thus, unbounded integration errors. 

Moreover the attractor is robust, that is, the features of the limit set persist for all 
nearby vector fields. More precisely, if U is an isolating neighborhood of the at- 
tractor A for a vector field X, then A is robustly transitive if, for all vector fields Y 
which are C' close to X, the corresponding F-invariant set 
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Fig. 1.1 A view of the Lorenz attractor calculated numerically 

Ay{U) = [jY'{U) 
t>0 

also admits a dense positive K-orbit. We remark that the persistence of transitiv- 
ity, that is, the fact that, for all nearby vector fields, the corresponding limit set is 
transitive, implies a dynamical characterization of the attractor, as we shall see. 

These difficulties led, in the seventies, to the construction of a geometric flow 
presenting a similar behavior as the one generated by equations (II. lb . Nowadays 
this model is known as geometric Lorenz flow. Next we briefly describe this con- 
struction, see ||T][15] for full details. 

We start by observing that under some non-resonance conditions, by the results 
of Sternberg ll30l . in a neighborhood of the origin, which we assume to contain 
the cube [—1,1]^ C M^, the Lorenz equations are equivalent to the Unear system 
{x,y,z) ~ {Xix,X2y,^iz) through smooth conjugation, thus 

^'(^0,^,^0) = {XQC^^' ,yQe^^-' ,ZQe^^'), (1.3) 

where Ai « 11.83 , A2 ~ —22.83, A3 = —8/3 and {xQ,yQ,ZQ) G is an arbitrary 
initial point near (0,0,0). 

Consider S = {(x,y,l) : \x\ < 1/2, \y\ < 1/2} and 
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S- ^{ix,y,l)(ES:x<Q}, S+ = {{x,y,l) e S : x > 0} and 

S* =S-US+ =S\£, where i = {{x,y,l) e S : x = 0} . 

Assume that 5 is a global transverse section to the flow so that every trajectory 
eventually crosses S in the direction of the negative z axis. 

Consider also Z = {{x,y,z) : \x\ = 1} — \JZ^ with = {{x,y,z) : x = ±1}. 

For each {xo,yo, 1) e S* the time T such \hatX'^{xo,yo,l) G E is given by 

t(xo) = -T-log l^ol, 
M 

which depends on xq G S* only and is such that x{xq) +°° when xq — > 0. This is 
one of the reasons many standard numerical algorithms were unsuited to tackle the 
Lorenz system of equations. Hence we get (where sgn(x) = x/|jc| for x^Q) 

X'{xo,yo,l) = {sgn{xo),yoe^^-\e^^') = (sgn(xo),yokor^ , hf^) . (1.4) 

Since < -A3 < Ai < -A2, we have < a = < 1 < ^3 = LeiL .S* ^E 
be such that L(x,y) = (y|jic|'^, with the convention that L(x,3') eZ+ifx>Oand 
L{x,y) g if X < 0. It is easy to see that L{S^) has the shape of a triangle without 



S 5+ 



Fig. 1.2 Beliavior near the 
origin. 




the vertex (±1,0,0). In fact the vertex (±1,0,0) are cusp points at the boundary of 
each of these sets. The fact that < a < 1 < j3 together with equation ( 11.4b imply 
that L{E'^) are uniformly compressed in the y-direction. 

From now on we denote by E^ the closure of L{S^). Clearly each line segment 
S* n {x = xo} is taken to another line segment Er\{z~zo} as sketched in Figure [L2l 

The sets E^ should return to the cross section S through a composition of a 
translation T, an expansion E only along the x-direction and a rotation R around 
W''(<7i) and W*(<72), where (7, are saddle-type singularities ofX' that are outside the 
cube [—1,1]^, see 13 . We assume that this composition takes line segments Er\{z — 
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Zo} into line segments S Ci {x ~ xi} as sketched in Figure [L2l The composition 
T oE oR of linear maps describes a vector field V in a region outside [—1,1]^. The 
geometric Lorenz flow X' is then defined in the following way: for each f € M and 
each point x eS, the orbit X' (x) will start following the linear field until and then 
it will follow V coming back to S and so on. Let us write 3§ = {X' {x),x E S,t E M+ } 
the set where this flow acts. The geometric Lorenz flow is then the pair {3^,X') 
defined in this way. The set 

A=nt>oX'{s) 

is the geometric Lorenz attractor. 



£ 




Fig. 1.3 The global cross-section for the geometric Lorenz flow and the associated Id quotient 
map, the Lorenz transformation. 

We remark that the existence of a chaotic attractor for the original Lorenz system 
was established by Tucker with the help of a computer aided proof (see jSTI). 

The combined effects ofToEoR and the linear flow given by equation ( 11.4b on 
lines implies that the foliation of S given by the lines S H {x = xq} is invariant 
under the first return map F . S ^ S.ln another words, we have 

{*)for any given leaf y of J^" , its image F{y) is contained in a leaf of 

The main features of the geometric Lorenz flow and its first return map can be 
seen at fi gures [T3] and [T~4l 

The one-dimensional map / is obtained quotienting over the leaves of the stable 
fohation defined before. 

For a detailed construction of a geometric Lorenz flow see iTTl fT?! . 

As mentioned above, a geometric Lorenz attractor is the most representative ex- 
ample of a singular-hyperbolic attractor 1231 . 
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Fig. 1.4 The image F(S*). 



t{L ) 










F(I-) 



Fig. 1.5 Projection on /. 




1.3 The dynamical results 

The study of robust attractors is inspired by the Lorenz flow example. Next we Hst 
the main dynamical properties of a robust attractor. 



1.3.1 Robustness and singular-hyperbolicity 



Inspired by the Lorenz flow example we define an equilibrium CJ of a flow X' to be 
Lorenz-like if the eigenvalues Ai , A2 , A3 of DX (a) are real and satisfy the relation at 

A2 < A3 < < -A3 < Ai. 
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These are the equiUbria contained in robust attractors naturally, since they are 
the only kind of equilibria in a 3-flow which cannot be perturbed into saddle- 
connections which generate sinks or sources when unfolded. 

Theorem 1. Let A be a robustly transitive set ofX G J?^" ' (M). Then, either for Y = X 
orY = —X, every singularity <J gA is Lorenz-like for Y and satisfies Wy{o) HA = 
{a}. 

The fact that a robust attractor does not admit sinks or sources for all nearby 
vector fields in its isolating neighborhood has several other strong consequences 
(whose study was pioneered by R. Mane in its path to solve the Stability Conjecture 
in 1201 ) which enable us to show the following, see 1251 . 

Theorem 2. A robustly transitive set for X e ^'^{M) is a singular-hyperbolic at- 
tractor for X or for —X. 

The following shows in particular that the notion of singular hyperboUcity is an 
extension of the notion of uniform hyperbolicity. 

Theorem 3. Let A be a singular hyperbolic compact set ofX £ (M). Then any 
invariant compact set F C A without singularities is uniformly hyperbolic. 

A consequence of Theorem[3]is that every periodic orbit of a singular hyperbolic 
set is hyperbolic. The existence of a periodic orbit in every singular-hyperbolic at- 
tractor was proved recently in ITTI and also a more general result was obtained 
in a. 

Theorem 4. Every singular hyperbolic attractor A has a dense subset of periodic 
orbits. 

In the same work fO) it was announced that every singular hyperbolic attractor 
is the homoclinic class associated to one of its periodic orbits. Recall that the ho- 
moclinic class of a periodic orbit for X is the closure of the set of transversal in- 
tersection points of it stable and unstable manifold; H{0) = W"(0) rtl W(0). This 
result is well known for the elementary dynamical pieces of uniformly hyperbolic 
attractors. Moreover, in particular, the geometric Lorenz attractor is a homoclinic 
class as proved in ITOI . 



1.3.2 Singular-hyperbolicity and chaotic behavior 

Using the area expansion along the bidimensional central direction, which contains 
the direction of the flow, one can show 

Theorem 5. Every orbit in any singular-hyperbolic attractor has a direction of ex- 
ponential divergence from nearby orbits (positive Lyapunov exponent). 
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Denote by S{M.) the set of surjective increasing continuous real functions /i : R ^ 
R endowed with the topology. The flow is expansive on an invarian compact 
set A if for every e > there is 5 > such that if for some h e 5(R) and x,y G A 

dist(X,(jt:),X/,(,)y) < 5 for ah t e R, 

then {y) £ X^to-E,to+£] (-*■)' ^^'^ some fo G R. A stronger notion of expansiveness 
was introduced by Bowen-Ruelle fT2| for uniformly hyperbolic attractors, but equi- 
libria in expansive sets under this strong notion must be isolated, see e.g. 17] . 

Komuro proved in ||T6l that a geometrical Lorenz attractor A is expansive. In 
particular, this implies that this kind of attractor is sensitive with respect to ini- 
tial data, i.e., there is 5 > such that for any pair of distinct points x,y G A, if 
dM{X,{x),X,{y)) < 5 for ah t G R, then x is in the orbit of y. In ID this was fully 
extended to the singular-hyperbolic setting. 

Theorem 6. Let A be a singular hyperbolic attractor of X G J?^' (M). Then A is 
expansive. 

Corollary 1. Singular hyperbolic attractors are sensitive with respect to initial 
data. 



1.3.3 Singular-hyperbolicity, positive volume and global 
hyperbolicity 

Recently a generalization of the results of Bowen-Ruelle |fT2| was obtained in ||2l 
showing that a uniformly hyperbolic transitive subset of saddle-type for a C'+" 
flow has zero volume, for any a > 0. We denote the family of all flows whose 
differentiability class is at least Holder-C' by C'+. 

Theorem 7. A C'^ singular-hyperbolic attractor has zero volume. 

This can be extended to the following dichotomy. Recall that a transitive Anosov 
vector field X is a vector field without singularities such that the entire manifold M 
is a uniformly hyperbolic set of saddle-type. 

Theorem 8. Let A be a singular hyperbolic attractor for a C^^ 3-dimensional vec- 
tor field X. Then either A has zero volume or X is a transitive Anosov vector field. 



1.4 The Ergodic Theory of singular-hyperboUc attractors 

The ergodic theory of singular-hyperbolic attractors is incomplete. Most results still 
are proved only in the particular case of the geometric Lorenz flow, which automat- 
ically extends to the original Lorenz flow after the work of Tucker ISTll . but demand 
an extra effort to encompass the full singular-hyperbolic setting. 
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1.4.1 Existence of a physical measure 

Another main result obtained in IH is that typical orbits in the basin of every 
singular-hyperbolic attractor, for a flow X on a 3-manifold, have well-defined 
statistical behavior, i.e. for Lebesgue almost every point the forward Birkhoff time 
average converges, and it is given by a certain physical probability measure. It was 
also obtained that this measure admits absolutely continuous conditional measures 
along the center-unstable directions on the attractor As a consequence, it is a u- 
Gibbs state and an equilibrium state for the flow. 

Theorem 9. A singular-hyperbolic attractor A admits a unique ergodic physical 
hyperbolic invariant probability measure pL whose basin covers Lebesgue almost 
every point of a full neighborhood of A. 

Recall that an invariant probability measure pL for a flow X is physical (or SRB) if 
its basin 



has positive volume in M. 

Here hyperbolicity means non-uniform hyperbolicity of the probability measure 
jj.: the tangent bundle over A splits into a sum T-M = Zs^ F- of three one- 
dimensional invariant subspaces defined for /i-a.e. zGA and depending measurably 
on the base point z, where jj. is the physical measure in the statement of Theorem|9l 
is the flow direction (with zero Lyapunov exponent) and F- is the direction with 
positive Lyapunov exponent, that is, for every non-zero vector v G K we have 



We note that the invariance of the splitting implies that E"' ~ E- © F^ whenever F^ 
is defined. 

Theorem|9]is another statement of sensitiveness, this time applying to the whole 
essentially open set B{A). Indeed, since non-zero Lyapunov exponents express that 
the orbits of infinitesimally close-by points tend to move apart from each other, this 
theorem means that most orbits in the basin of attraction separate under forward 
iteration. See Kifer ifTTl , and Metzger ll22l . and references therein, for previous 
results about invariant measures and stochastic stability of the geometric Lorenz 
models. 

The M-Gibbs property of ji is stated as follows. 

Theorem 10. Let A be a singular-hyperbolic attractor for a three-dimensional 
flow. Then the physical measure )l supported in A has a disintegration into abso- 
lutely continuous conditional measures jly along center-unstable surfaces J such 

that is uniformly bounded from above. Moreover supp(/i) — A . 
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Here the existence of unstable manifolds is guaranteed by the hyperbohcity of the 
physical measure: the strong-unstable manifolds W"" (z) are the "integral manifolds" 
in the direction of the one-dimensional sub-bundle F, tangent to F-, at almost every 
Z G A. The sets W""{z) are embedded sub-manifolds in a neighborhood of z which, 
in general, depend only measurably (including its size) on the base point z G A . The 
strong-unstable manifold is defined by 



and exists for almost every z G A with respect to the physical and hyperbolic mea- 
sure obtained in Theorem |9] We remark that since A is an attracting set, then 
W""{z) C A whenever defined. The central unstable surfaces mentioned in the state- 
ment of Theorem [To] are just small strong-unstable manifolds carried by the flow, 
which are tangent to the central-unstable direction E"'. 

The absolute continuity property along the center-unstable sub-bundle given by 
Theorem[TO]ensures that 



by the characterization of probability measures satisfying the Entropy Formula, ob- 
tained in fT9l|. The above integral is the sum of the positive Lyapunov exponents 
along the sub-bundle E"' by Oseledets Theorem ll2n[32l . Since in the direction E"' 
there is only one positive Lyapunov exponent along the one-dimensional direction 
iv, /x-a.e. z, the ergodicity of fi then shows that the following is true. 

Corollary 2. If A is a singular-hyperbolic attractorfor a three-dimensional flow 
X', then the physical measure jJ. supported in A satisfies the Entropy Formula 



Again by the characterization of measures satisfying the Entropy Formula, we get 
that has absolutely continuous disintegration along the strong-unstable direction, 
along which the Lyapunov exponent is positive, thus jj, is a u-Gibbs state ll28l . This 
also shows that n is an equilibrium state for the potential — \og\\DX^ \ F^\\ with 
respect to the diffeomorphism We note that the entropy of is the 

entropy of the flow X' with respect to the measure jj. j32|. 

Hence we are able to extend most of the basic results on the ergodic theory of 
hyperbolic attractors to the setting of singular-hyperbolic attractors. 



W""{z) ^{yeM: lim dist{Xt{y),X,{z)) = 0} 
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1.4.2 Hitting and recurrence time versus local dimension for 
geometric Lorenz flows 

Given x G M, let = {y G M;d{x,y) < r} be the ball centered at x with radius 
r. The local dimension of at x £ M is defined by 

\0gll[Br{x)) 

d^{x) = hm 

r^oo log r 

if this Umit exists. In this case n(Br{x)) ~ r''**'^^. 

This notion characterizes the local geometric structure of an invariant measure 
with respect to the metric in the phase space of the system, see |34l and |f27l|. 

The existence of the local dimension for a Borel probability measure /i on M 
imphes the crucial fact that virtually all the known characteristics of dimension 
type of the measure coincide. The common value is a fundamental characterise of 
the fractal structure of jj., see fi27l . 

Let xo e M? and 

rf ix,xo) = mf{t > I X'ix) e B,.{xq)} 

be the time needed for the X-orbit of a point x to enter for the^rif time in a ball 
Br{xo). The number {x,xo) is the hitting time associated to the flow X' and 
Br{xo). If the orbit X' starts at xq itself and we consider the second entrance time in 
flie ball 

t;(xo) = inf{f e R+ : X'{xo) E B,{xo),3i,s.t.x'{xo) i B,(xo)} 

we have a quantitative recurrence indicator, and the number Tj'.(xo) is called the 
recurrence time associated to the flow X' and B, (jt:o). 

Now let X' be a geometric Lorenz flow, and ^ its X'-invariant SBR measure. 

The main result in lfT4l establishes the following 

Theorem 11. For jx-almost every x, 

logTr(x,Xo) . . ^ . 

hm = Xo - 1. 

r^o — logr 

Observe that the result above indicates once more the chaoticity of a Lorenz-like 
attractor: it shows that asymptotically, such attractors behave as an i.d. system. 
We can always define the upper and the lower local dimension at x as 

. N ,■ logjU(fi,(x)) . log^l(Br(x)) 

d7,[x) = lim sup , d,, ix) — lim mf . 

^ r^oo logr ^ logr 

If d^(x) = d^{x) — d almost everywhere the system is called exact dimensional. 
In this case many properties of dimension of a measure coincide. In particular, d is 
equal to the dimension of the measure pi: d ^ inf {dim// Z; pi (Z) = 1 } . This happens 
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in a large class of systems, for example, in diffeomorphisms having non zero 
Lyapunov exponents almost everywhere, ||27l . 

Using a general result proved in 1291 it is also proved in lfT4l a quantitative re- 
currence bound for the Lorenz geometric flow: 

Theorem 12. For a geometric Lorenz flow it holds 

_1, ii^,upi^i^=4-l, ^-a.e.. 

r^Q -logr ^ -logr ^ 

where t' is the recurrence time for the flow, as deflned above. 

The proof of Theorem[TT]is based on the following results, proved in lfT4l . 

Let F : S ^ S he the first return map to S, a global cross section to X' through 
W^{p), p the singularity at the origin, as indicated at Figure [T3] It follows that F 
has a physical measure pip, see e.g. Il33l . Recall that we say the system {S^F^jXp) 
has exponential decay of correlation for Lipschitz observables if there are constants 
C > and A > 0, depending only on the system such that for each n it holds 



i{F"{x))f{x)dli~J g{x)dfi J f{x)dfi 



for any Lipschitz observable g and / with bounded variation. 

Theorem 13. Let jXp an invariant physical measure for F. The system {S,F,lJ.f) has 
exponential decay of correlations with respect to Lipschitz observables. 

We remark that a sub-exponential bound for the decay of correlation for a two 
dimensional Lorenz like map was given in llT3l and ||T|. 

Theorem 14. /if is exact, that is, t/^^ (x) exist almost every x G S. 

Let XD € S and xf{x,X(,) be the time needed to O.v enter for the first time in 
B,{xQ)r\S = Br.s. 

Theorem 15. lim,^o '^^^ - Hm.^o '^^^^ - d^, {x,). 

From the fact that the attractor is a suspension of the support of /X/r we easily 
deduce the following. 

Theorem 16. d^ {x) = d^^j, (x) + 1 . 

We remark that the results in this section can be extended to a more general class 
of flows described in lfT4l . The interested reader can find the detailed proofs in this 
article. 
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1.4.3 Large Deviations for the physical measure on a geometric 
Lorenz flow 

Having shown that physical probability measures exist, it is natural to consider the 
rate of convergence of the time averages to the space average, measured by the vol- 
ume of the subset of points whose time averages stay away from the space average 
by a prescribed amount up to some evolution time. We extend part of the results on 
large deviation rates of Kifer ifTSll from the uniformly hyperbolic setting to semi- 
flows over non-uniformly expanding base dynamics and unbounded roof function. 
These special flows model non-uniformly hyperbolic flows like the Lorenz flow, 
exhibiting equilibria accumulated by regular orbits. 

1.4.3.1 Suspension semiflows 

We first present these flows and then state the main assumptions related to the mod- 
elling of the geometric Lorenz attractor 

Given a H61der-C' local diffeomorphism f : M\y M outside a volume zero 
non-fla{3 singular set S^, let X' : Mr M,- be a semiflow with roof function r : 
M \ ^ ^ M over the base transformation f, as follows. 

Set My = {{x,y) e M x [0, +°°) : < y < r{x)] and the identity on Mr, where 
M is a compact Riemannian manifold. For x—xq^M denote by x„ the «th iterate 
f"{xo) for n > 0. Denote s{(p{xo) = L"=o ^(-"-j) ^'^^ n > 1 and for any given real 
function (p. Then for each pair {xq,so) G Xr and f > there exists a unique n > 1 
such that S„r{xo) < so + t < S„+ir{xQ) and define (see Figure [TTSI l 



Fig. 1.6 The equivalence relation defining the suspension flow of / over the roof function r. 

' / behaves like a power of the distance to ,y: ||D/(x)|| dist(x, ,5^)^^ for some j3 > (see 
Alves-Arajo (5] for a precise statement). 



X'{xo,sq) = (x„,io + r-5„r(xo)). 




;y=r' (X) 



oo 
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The study of suspension (or special) flows is motivated by modeling a flow ad- 
mitting a cross-section. Such flow is equivalent to a suspension semiflow over the 
Poincare return map to the cross-section with roof function given by the return time 
function on the cross-section. This is a main tool in the ergodic theory of uniformly 
hyperbolic flows developed by Bowen and Ruelle lfT2l . 

1.4.3.2 Conditions on the base dynamics 

We assume that the singular set ^ (containing the points where / is either not 
defined, discontinuous or not differentiable) is regular, e.g. a submanifold of M, and 
that / is non-uniformly expanding: there exists c > such that for Lebesgue almost 
every x&M 



Moreover we assume that / has exponentially slow recurrence to the singular set 
^ i.e. for all e > there is 5 > s.t. 



where c/5(x,y) = dist(x,}') if dist(x,3') < 5 and d^{x,y) = 1 otherwise. 

These conditions ensure H in particular the existence of finitely many er- 
godic absolutely continuous (in particular physical) /-invariant probability mea- 
sures jXi , . . . , whose basins cover the manifold Lebesgue almost everywhere. 

We say that an /-invariant measure jx is an equilibrium state with respect to the 
potential log/, where J = |detD/|, if h^{f) = /i(log/), that is if jj, satisfies the 
Entropy Formula. Denote by E the family of all such equilibrium states. It is not 
difficult to see that each physical measure in our setting belongs to E. 

We assume that E is fanned by a unique absolutely continuous probability mea- 
sure. 

1.4.3.3 Conditions on the roof function 

We assume that r : M\J^ ^ M+ has logarithmic growth near 5^: there exists K = 
> such thail r ■ XB{y'.S) < K ■ \ logds{x,y)\foi all small enough 5 > 0. We 
also assume that r is bounded from below by some ro > 0. 
Now we can state the result on large deviations. 

Theorem 17. Let X' be a suspension semiflow over a non-uniformly expanding 
transformation f on the base M, with roof fonction r, satisfying all the previouly 
stated conditions. 



limsup -5„i/(x) < — c where = log ||D/(x) 



limsup-logLeb IxeM: -Sn\\ogds[x,.y)\ > e ^ < 0, 

n^+oo n 1^ « ' 'J 




^ B{y, S) is the 5 -neighborhood of ^. 
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Let \j/ : Mr -^M. be continuous, V ~ jJ. tK Leb' be the induced invariant measur^ 
for the semiflow X' and A = Leb k Leb' be the natural extension of volume to the 
space My Then 



lim sup — log A 









tL 







xi/{X'{z)) dt-vixif) 



>e><0. 



1.4.3.4 Consequences for the Lorenz flow 

Now consider a Lorenz geometric flow as constructed in Section 11.21 and let / be 
the one-dimensional map associated, obtained quotienting over the leaves of the 
stable foliation, see Figure [T73] This map has all the properties stated previously for 
the base transformation. The Poincare return time gives also a roof function with 
logarithmic growth near the singularity line. 

The uniform contraction along the stable leaves implies that the time averages of 
two orbits on the same stable leaf under the first return map are uniformly close for 
all big enough iterates. If P : 5 ^ [— 1, 1] is the projection along stable leaves 



Lemma 1. For ^ : f/ D A ^ M continuous and bounded, e > and (^(x) 
/q \j/{x,t)dt, there exists ^ : [— 1, 1] \ J?^ — > R with logarithmic growth near 
such that 1 1 \S^(p — /i ((f) | > 2e| is contained in 

p-'({|i5{C-M(C)|>e}u{-5{|logdist5(y,^)|>e}). 



Hence in this setting it is enough to study the quotient map / to get information 
about deviations for the Poincare return map. Coupled with the main result we are 
then able to deduce 

CoroUary 3. Let X' be a flow on M? exhibiting a Lorenz or a geometric Lorenz 
attractor with trapping region U. Denoting by Leb the normalized restriction of the 
Lebesgue volume measure to U, if/ : U a bounded continuous function and 
the unique physical measure for the attractor, then for any given £ > 









T L 







>e \ <Q. 



Moreover for any compact K C U such that /X (K) < I we have 

hmsup i logLeb ( {x e K : X' {x) e K,0 < t < T}) < 0. 



T- 



for any A C M,- set v(A) = ll{r) ' / dll{x) Jg^'^^'dsXAi^,") 
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1.4.3.5 Idea of the proof 



We use properties of non-uniformly expanding transformations, especially a large 
deviation bound recently obtained [5 1, to deduce a large deviation bound for the 
suspension semiflow reducing the estimate of the volume of the deviation set to the 
volume of a certain deviation set for the base transformation. 

The initial step of the reduction is as follows. For a continuous and bounded 
\lf : Mr ^R, T > and z = (jr,s) with x S M and < s < r{x) < oo, there exists 
the lap number n = n{x,s,T) G N such that 5'„r(x) <s + T< S„+ir{x), and we can 
write 



L 



V(^' (z)) dt = fxiffx' (x, 0)) dt ^ 



T+s-S„iix) 

xtf{X'ifix),0))dt 



"-1 rr{fj{x)) 

w{X'{f{x),Q))dt. 

7=1 



Setting (p(x) = f^^^^ i/(x,0)c/f we can rewrite the last summation above as Sn(p{x). 
We get the following expression for the time average 



1 



T Jo 



- / xi/{X'{z)) dt = -S„(p{x) - - / r(X'(x,0)) dt 



TJo 

I rT+s-S„r{x] 



TJo 



w{X\f{x),Q))dt. 



Writing / = /(x,.?, T) for the sum of the last two integral terms above, observe that 
for CO > 0, < i < r(x) and n = n{x,s, T) 



{x,s) eM,- 



l5„(p(x)+/(x,.,r)-^ 



> (0 



is contained in 

(x,i) eMr 



—S„(p(x) -— 



> 



CO 



U 



{(x,^)eM,:/(x,i,r)>|} 



The left hand side above is a deviation set for the observable (p over the base trans- 
formation, while the right hand side will be bounded by the geometric conditions on 

and by a deviations bound for the observable r over the base transformation. 

Analysing each set using the conditions on / and r and noting that for pi- and 
Leb-almost every x G M and every Q <s < r{x) 



Snrjx) ^ T + s ^ 5„+ir(x) 



n{x,s,T) 



1 



we are able to obtain the asymptotic bound of the Main Theorem. 
Full details of the proof are presented in |j61. 
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The interested reader can find the proofs of the results mentioned above in the 
papers listed below, the references therein, and also in one of IMPA's texts [[7] for 
the XXV Brazilian Mathematical Colloquium. 
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